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■ Three remarks concerning the form and the range of validity of the state-extended character- 
istic uncertainty relations (URs) are presented. A more general definition of the uncertainty 
matrix for pure and mixed states is suggested. Some new URs are provided. 

In the recent papers (l], |) the conventional uncertainty relation (UR) of Robertson || (which 

■ includes the Heisenberg and Schrodinger UR as its particular cases) have been extended to all 
characteristic coefficients of the uncertainty matrix Q and to the case of several states [|J . In this 
letter we present three remarks on these extended characteristic URs. 

The first remark refers to the form of the extended URs Q: we note that they can be written 
in terms of the principal minors of the matrices involved and write the entangled Schrodinger UR 
^ flina S ,o, lge , f „™. T h c ^ ,c„ k , co,„d w ith the _ o f c_ic in- 

equalities to the case of mixed states and non- Hermitian operators. The extension is based on the 



c3 



suitably constructed Gram matrix for n operators and mixed states. The characteristic inequalities 



for n non- Hermitian operators are in fact URs for their 2n Hermitian components. The last remark 
is about the domain problem of the operators involved in the URs. The proper generalization of the 
uncertainty matrix is suggested as the symmetric part of the corresponding Gram matrix. For pure 
states which are in the domain of all product of the operators involved this Gram matrix coincides 
with the Robertson matrix, and its symmetric part is equal to the conventional uncertainty matrix. 

Let us first recall the Robertson UR for n observables (Hermitian operators) X\ , . . . , X n and a 
state \ip) and its particular case of n = 2. The Robertson UR is an inequality for the determinant 
of the uncertainty matrix <T (called also dispersion or covariance matrix), 

a jk = K^KXjXk + XkXj)^) - (^ivxviXfclv) = (j jk {X;i>), (i) 

and it reads 

det (T{X;ip) > det k(X;iJj) (2) 

where K,(X;ip) is the matrix of mean commutators, Kkj(X;ip) = (— i/2)(ip\[Xk, Xj]\ip). For two 
observables X and Y one has deter = (AX) 2 (AY) 2 - (AXY) 2 , det K = -{ip\[X, Y}\^\) 2 /4, and 
the inequality (^) can be rewritten in the more familiar form of Schrodinger UR: 

(AX) 2 (AY) 2 - (AXYf > \\([X,Y})\, (3) 
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where AXY stands for the covariance of X and Y, AXY — (Txy, and AXX = (AX) 2 is the 
variance of X. Robertson came to his UR by considering the non- negative definite Hermitian 
matrix R, 

R jk = (V | (X 3 ~ (X,)) (X k - {X k ))\ip), (4) 

which was represented as R = <J + iK (the proof of (||) can be found also in 0). In H it was 
noted that det <J and det K are the highest order characteristic coefficients of <7 and K 

and Robertson UR (||) was extended to all the other coefficients in the form Cr^ (cr(X; > 

Cr™' (^K,{X; ip)j , r = 1, . . . , n. In Q a scheme for construction of URs for n observables and m 
states was presented. As an example of URs within this scheme the following extended character- 
istic URs for n observables Xj and m states were established, 

ci n) (£^(*; %)) > dp (e p «(*; %)) (5) 

Ci n) %)) > £ (r(X; ^)) . (6) 

Noting that the Robertson matrix in a state \tp) can be represented in the form of a Gram 
matrix T (R) for n non- normalized states of the form \\xj) = {Xj — (Xj))\ip), (Xj) = (ip\Xj\i/j), 

R jk = ((X : - (Xj))ij | (X k - (X k ))t/> ) = rj.f , (7) 

it was suggested [0 that Gram matrices for other types of suitably chosen non-normalized states 
can also be used for construction of URs of the form (||) and (||) for several observables 
and states, including the case of one observable and several states. Let us recall that matrix ele- 
ments Tjk of a Gram matrix T for n (generally non-normalized) pure states are defined as 
Tjk = ($j|$fe), and T is Hermitian and non-negative definite. 

The first remark on the extended URs (||) and (^) is that they follow from a slightly more 
simple URs in terms of the principal minors M.{i\, ...,i r ) J?! of matrices <T, K and R: 



M (ii,...,v;Eu cr M) ^ M[h,...,i r ;J2u K 



(8) 



M f!i,...,i r ;E^^) ^ ^Mft!,...,^;^) 

The validity of (||) can be easily inferred from the proofs of characteristic URs in [|, pj. Let 
us remind that . . . , i n \ <t) — deter, and the n different JA(ii;<j) are equal to the diagonal 

elements of a. URs (§) and (|) can be obtained as sums of (||) over all minors of order r, since the 
characteristic coefficient of order r is a sum of all minors M. r , which here are non-negative. The 
advantage of the forms (||) and ([|) is that the characteristic coefficients of a matrix are invariant 
under the similarity transformations of the matrix. For any Gram matrix and its symmetric and 
antisymmetric parts the inequalities (||), (||) and (|J) are valid. 

For two observables X and Y and two states |^>i) and \ip2) the highest order inequalities (||) 
(the second order) coincide with the inequalities (|5|) and (||) and produce the state-entangled UR 
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(18) of ref. [[jj, which, after some consideration, can be written in the stronger form 
i [(AX(^)) 2 (AY^ 2 )) 2 + (AA^ 2 )) 2 (Ay(^)) 2 ] - \AXY(^)AXY(^ 2 )\ 

> i|(^i|[x,F]^i)^2|[x,y]|^)|. 

For equal states, \ipi) = IV'2) = \4>), the inequality ([|) recovers the old Schrodinger UR (J3J) 



(9) 



The second remark is, that the extended URs related to any Gram matrix admit general- 
izations to mixed states and to non-Hermitian operators as well. For n non-Hermitian operators 
Zj and a mixed state p we define a matrix (Z; p) as a Gram matrix for the transformed states 
Pj = (Zj — (Zj))^J~p by means of the matrix elements of the form 



r.f(f;p) = Tr {Z k -{Z k ))p{Z]-(Zj)*) 



(10) 



These matrix elements can be represented as Hilbert-Schmidt scalar products (•, -)hs for the trans- 
formed states pj, 



vf{Z;p) ==Tr 



Pk~p\ 



= (Pk, Pj)m, 



(11) 



For pure state p = \ip){ip\, (p~k,Pj)HS = ({Zj — {Zj))ip \ (Zk — (Z k ))ip). When a cyclic permutation 
Tr(ZfcpZj) = Ti(Z)j^Z k p) is possible, then 



T ( j f(Z;p) = Tr (Z\ - (Zj)*){Z k - (Z k )) p = ((z] - (Z 3 )*)(Z k - {Z k ))) , 



(12) 



and T^ R \X; p) coincides with the Robertson matrix: R(X; p) = c(X; p) + iK,(X; p). 

Thus T^ R \Z;p) with elements given by eq. (|l0|), is a generalization of the Robertson matrix 
to the case of non- Hermitian operators and mixed states. 

For several mixed states p^ the Gram matrices T j k (Z; p^), and their symmetric and antisym- 
metric parts S(Z; p^) and K(Z; p M ), whose matrix elements take the form 

Sj k {Z;p^) = Re Wi(Z kP ^z]) \ - Re{{Zj)*{Z k )), 



K jk (Z;p l _ l ) 



Im 



Tr(Z kPfl Z]) -Im«^)*(i? fe )), 



(13) 



satisfy the extended characteristic inequalities (||) and (^|) . We have to note that the characteristic 
inequalities for S(Z; p M ), K(Z; p M ) and (Z; p) can be regarded as new URs for the 2n Hermitian 
components Xj and Yj of Zj, Zj = Xj + iYj. The simplest illustration of this fact is the case 
of two boson annihilation operators aj = (qj + i P j)j\pl and one state. For n — 2 the second 
order characteristic coefficient is the determinant of the corresponding matrix. After some 
consideration we obtain detif(ai, a 2 ; p) = (Aqi P2 — Ag 2 pi) 2 /4, and 

det S(a u a 2 ;p) = [(A qi ) 2 + (A Pl ) 2 } [(Ag 2 ) 2 + (Ap 2 ) 2 ]/4 - (A qi q 2 + A PlP2 ) 2 /A. (14) 

The characteristic inequality det S(a%, a 2 ; p) > det K(a\, a 2 ; p) takes the form of a new UR for 
qi, q 2 , pi and p 2 , 



[(Agi 



{A Pl ) 2 } [{Aq 2 ) 2 + (Ap 2 ) 2 } > (A qi q 2 + Ap lP2 ) 2 + (Aq lP2 - Aq 2Pl ) 2 



(15) 
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The above consideration suggests that the symmetric part S(X,p) of T^ R \X; p) (defined in eq. 
( p^| ) with Z — > X) could be taken as a generalized definition of the uncertainty matrix for n 
observables Xj in mixed state p. 



The third remark concerns the equivalence of the expressions (10) and (12) for the Gram ma- 
trix. They are equivalent if the cyclic permutation of the operators Z^pZj in the trace Tr(ZkpZj) 
is possible. For p — \ip){ip\ this is rewritten as (Zjip\Zkip) = (ip\zjZkip) and it means that the state 
\ip) S T>(ZjZk) : where T>(ZjZ} c ) is the domain of the operator product ZjZ^. However it is well 
known that this not always the case. Example is the squared moment operator p 2 — —d 2 /dx 2 and 
any state represented by a square integrable function tp(x) which at some points has (first but) no 



second derivative. In this sense the expression (10) is more general than (|12|). Then the symmetric 



part S(X; i/j) of T^ R \X; ip) is to be considered as more general definition of the uncertainty matrix 
in pure states, and S(X; p), eq. (|l3|) with Z = X, - in mixed states. 



After this work was completed I learned about the very recent E-print [|| , where (in view of the 
domain problem) the expression Re(Xip | Yip) — (X)(Y) is proposed as a more general definition 
of the covariance of the Hermitian operators X and Y in a pure state 
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